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Quantum steering is a relatively simple test for quantumness of correlations, proving that the val-
ues of quantum-mechanical measurement outcomes come into being only in the act of measurement.
By exploiting quantum correlations Alice can influence – steer – Bob’s physical system in a way inac-
cessible in classical world, leading to violation of some inequalities. Demonstrating this and similar
quantum effects for systems of increasing size, approaching even the classical limit, is a long-standing
challenging problem. Here we provide experimentally feasible signature of unbounded violation of a
steering inequality. We derive its universal form where tolerance for measurement-setting-errors is
explicitly build-in by means of the Deutsch-Maassen-Uffink uncertainty relation. Then, generalizing
the mutual unbiasedness, we apply the inequality to the multi-singlet and multi-particle bipartite
Bell-state. However, the method is general and opens the possibility of employing multi-particle bi-
partite steering for randomness certification and development of quantum technologies, e.g. random
access codes.
In their famous paper, Einstein, Podolsky and Rosen
(EPR) highlighted the phenomenon of entanglement [1]:
it is possible to see perfect correlations between mea-
surement outcomes obtained by two observers, Alice and
Bob, at distant locations, while for each observer his/her
outcomes appear to be statistically random. These are
the EPR correlations. Validation of entanglement re-
quires designing a specific experimental scenario where
measurements on a quantum state give outcomes which
violate a classical inequality. The inequality can be con-
structed, for example, on the basis of probability distri-
bution satisfying the Kolmogorov axioms. Its unbounded
violation is equivalent to observation of the EPR corre-
lations which become more and more pronounced when
size of a system increases, reaching even classical limit of
macroscopic population. This is very challenging to ac-
complish in the paradigm of Bell-nonlocality testing: if
specific observables with
√
(2log
2 d)d settings and d pos-
sible outcomes are used, bipartite quantum states with
local Hilbert space dimension d can violate a Bell in-
equality by a factor of O
( √
d
log2 d
)
[2], later improved to
O
( √
d
log d
)
[3–5]. Thus, an unbounded violation of a Bell
inequality requires exponentially many observables (or
equivalently, settings). According to the monogamy re-
lation [6], this scaling can be improved only up to the
linear one (see the Supplementary Information). How-
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ever, the present results are still far from this limit and
this makes them purely academic as far as the experi-
mental perspective is concerned [7].
In case of quantum steering, the task has been found
to be less difficult: violation of a steering inequality by a
factor of O
(√
d
)
requires d+1 observables in the form of
mutually unbiased bases (MUBs) [8]. However, this sce-
nario necessitates the complementarity relation among
the bases to be fulfilled exactly, which is experimentally
impossible to attain.
Here we provide a general tight formulation of a quan-
tum steering inequality in which, for the first time, tol-
erance to the errors of measurement settings is incorpo-
rated automatically. This allows for taking a significant
step towards feasibility of experimental observation of a
signature of unbounded violation of a steering inequality
for a multi-particle bipartite Bell-singlet state. In par-
ticular, the method enables constructing an inequality
which is robust with respect to the degree of unbiased-
ness of bases and it employs generalized MUBs, where
unbiasedness may vary from one observable to another
or even form one eigenvector element to another. The
inequality is governed by the very parameters involved in
the Deutsch-Maassen-Uffink uncertainty relations. Our
formula can be adapted to various physical systems but,
since mesoscopic quantum effects are very subtle, tech-
nological requirements for an experimental apparatus are
high. Here we focus on quantum-optical implementation
based on polarization entangled squeezed vacuum states
generated by parametric-down-conversion sources, polar-
ization rotations and photon counting detection.
Quantum steering was originally introduced by
Schro¨dinger in 1935 [9, 10] and it was elaborated in
2the course of time [11, 12]. Recently, it gained a lot
of attention because it has been shown to be a weaker
test of quantumness of correlations than Bell inequalities
thus, less experimentally demanding [13]. It is different
from it in that it quantifies discrepancy between the full
quantum-mechanical treatment and the situation where
only one of the observers is performing classical mea-
surements (e.g. Alice). The latter amounts to the local
hidden state model (LHS), where the assumption of ob-
jective existence of measurement outcomes without tak-
ing any measurements bounds Alice in the possibility of
steering Bob’s state. However, intriguingly, steering is
intimately linked to the Bell nonlocality. In the case of
simple CHSH-Bell inequality it is directly limited by the
strength of some fine-grained uncertainty relations [14].
In a general scenario this relation is more complex [15].
In our result we see a connection between multi-particle
bipartite steering and the Deutsch–Maassen–Uffink en-
tropic uncertainty relations.
Violation of steering inequalities has been confirmed in
numerous experimental demonstrations involving a sin-
gle photon [16, 17], a two-photon singlet [18] or a Werner
state [19]. Since quantum steering can be formulated
as a quantum-information task where the classical mea-
surements simulate an untrusted device, it has been ex-
tended to a multipartite scenario useful for semi-device-
independent entanglement certification in quantum net-
works [20]. Our generalization of MUBs will enable de-
velopments in the young field of quantum random access
codes by allowing for more involved and optimal scenar-
ios than those discussed until now [21].
Main result. Let us consider a quantum steering sce-
nario shown in Fig. 1. Alice and Bob have locally ac-
cess to subsystems of a bipartite system described by
a quantum state ρ. Alice chooses one of her settings
x ∈ {1, . . . , N}, measures a nondegenerate observable
Ax with eigenvectors {ϕax} and receives a result a ∈
{1, . . . , d} with probability p(a|x) = Tr{(|ϕax〉 〈ϕax|⊗I)ρ}.
Only after Alice has collected the result a, the following
conditional state
σax = TrA{(|ϕax〉 〈ϕax| ⊗ I)ρ} (1)
was “created at a distance” at Bob’s location. The set
{σax} is steerable if for every a Bob can find a basis of N
states {φax} which is identical to {σax}. This is possible
only if ρ is maximally entangled. The degree of the match
between {φax} and {σax} for a given ρ is measured by a
steering functional:
SQ = sup
ρ∈Q
N∑
x=1
d∑
a=1
Tr{|φax〉 〈φax|σax}, (2)
where Q denotes the set of all bipartite quantum states.
The maximal quantum value of (2) equals the number of
settings, SQ = N , and reveals the perfect match.
Within the LHS model Alice’s measurements are con-
sidered to be untrusted, i.e. they are treated as a black
box that receives inputs (x-es) and reports outcomes
(a-s). The state ρ is now of a hybrid classical-quantum
nature and it determines the form of the Bob’s condi-
tional state as an average over ensemble of local hidden
states σλ, which existence is independent of taking any
measurements by the observers [13]:
σ¯ax =
∑
λ∈Λ
qλ pλ(a|x)σλ. (3)
The steering functional equals
SLHS = sup
ρ∈LHS
N∑
x=1
d∑
a=1
Tr{|φax〉 〈φax| σ¯ax}, (4)
where LHS denotes the set of all bipartite states fitting
to the LHS model. Its maximal value depends on the
choice of Bob’s bases {φax} and will be estimated below.
Quantum violation of our steering inequality is ob-
served if
VQ =
SQ
SLHS
> 1. (5)
We say that it is unbounded if the ratio VQ between the
quantum and classical value of the steering functional is
an increasing function of some experimental parameters,
for example of the amount of entanglement in ρ or of a
number and characteristics of the measured observables.
An unbounded violation of (5) has been shown for a se-
quence of maximally entangled states with an increas-
ing local dimension d (e.g. maximally entangled states
of larger and larger spin) [8]. However, it necessitates
employing very complicated measurements at Bob’s side
– the mutually unbiased bases (MUBs) with linearly di-
verging number of settings N = d + 1. In general, for
a large dimension their existence is known only in same
special cases and precise verification of their defining fea-
ture that |〈φax|φby〉|2 = 1d for x 6= y is experimentally very
challenging.
Rather than trying to cure these problems our method
shall simply overcome them. To this end, we will relax
the MUB condition by assuming near-uniform overlaps
and will seek for the maximal overlap between the bases.
In this way, our result is naturally linked to the Deutsch–
Maassen–Uffink uncertainty relations [22, 23] saying that
the Shannon entropies of measurement outcomes of two
nondegenerate observables obtained in two bases {φax}
and {φby} for a quantum state σ satisfy
H
({φax}∣∣σ)+H({φby}∣∣σ) ≥ −2 logCxy, (6)
where the maximal overlap Cxy = maxa,b
∣∣〈φax|φby〉∣∣ is a
quantitative measure of complementarity of the bases.
The inequality is nontrivial if the two observables do not
commute.
Our main result is the following
Theorem. Given a quantum steering scenario involv-
ing x ∈ {1, . . . , N} settings, a ∈ {1, . . . , d} outcomes,
and a set of N orthonormal eingenbases {φax} defining
3FIG. 1. Quantum steering scenario: Alice and Bob share a bipartite state ρ, either entangled (green) or classical (red),
and Bob would like to verify which one this is. Alice performs a measurement using an untrusted device (a black box) of
one of her N observables Ax, and communicates to Bob the outcome a which she receives with probability p(a|x). Bob
applies his measurement σax and checks violation of the steering inequality by computing the lower bound (8). Ci measures
maximal complementarity between all Bob’s bases, setting at the same time strength of the Deutsch–Maassen–Uffink relations.
Quantum-optical implementation assumes a source S of polarized light beams, polarization rotations and photon-number
resolved measurements.
the receiver’s (Bob’s) measurements, the LHS steering
functional is bounded from above
SLHS ≤ 1 +
N−1∑
i=1
Ci, (7)
where Ci = maxxCxN+x−i and Cxy = maxa,b | 〈φax|φby〉 |
for x, y ∈ 1, . . . , N is defined as in the Deutsch–Maassen–
Uffink uncertainty relations. This implies:
VQ ≥ N
1 +
∑N−1
i=1 Ci
. (8)
In particular, a weaker bound can be derived:
VQ ≥ N
1 + (N − 1)C (9)
with C = maxiCi = maxx 6=y Cxy.
Let us observe that any state ρ leading to SQ(ρ) >
1 + (N − 1)C, where SQ(ρ) is given by (2) but without
taking supremum over Q, violates the steering inequal-
ity (7). The dependence solely on the maximal overlap
C frees us from the necessity of a precise control of all
MUB conditions separately, as it was done in the ap-
proaches taken before ours [8]. While the physical in-
terpretation of the parameter C is very clear, that of
Ci is less comprehensible. C simply quantifies the two
most “compatible” eigenvectors of the measured observ-
ables and equals the maximal element of the N ×N Cxy
matrix with columns and rows enumerated by the set-
tings indexes x and y. Alternatively one may say that
C picks the two particular Bob’s measurements settings
for which the Deutsch–Maassen–Uffink relation exhibits
the weakest uncertainty. Interestingly, our mathematical
techniques allow us finding the classical bound if we an-
alyze this matrix along its ”diagonals” consisting of the
elements with indexes (x, y = N +x− i), and Ci denotes
the maximal element in such ”ith diagonal”.
Now we shall define the relaxed MUB condition by in-
troducing the maximal overlap equal C ≤
√
dǫ−1 with
0 ≤ ǫ < 1, where ǫ = 0 corresponds to the original
MUB measurements. Any quantum bases satisfying this
condition form a generalized MUB. Let us now exam-
ine violation of inequality (9) for this ǫ-generalized MUB
condition. Unbounded violation is possible whenever the
number of settings N(d) is an increasing function of d
but, now it can increase arbitrarily slowly. Then the ratio
VQ ≥ C−1 and it diverges as
√
d1−ǫ if d goes to infinity.
For ǫ = 0 the behavior VQ ≥
√
d reproduces the result
reported in [8] but, without the need for the linear scaling
N(d) = d+ 1. Equivalently, considering the dependence
on the number of settings by putting d(N) = N − 1,
we obtain at most VQ ≥
√
N in the limit of large N .
However, the best this steering inequality may offer is
VQ ≤ N , which coincides with the maximal possible de-
gree of Bell inequality violation V BellQ ≤ N . Indeed, it
follows immediately from the fact that SLHS ≥ 1 which is
easy to derive by considering Alice’s and Bob’s measure-
ment statistics on a pure product state (independently
on the number of settings and outcomes). Explanation of
the discrepancy between the bounds
√
N and N calls for
further research, but it might hold true that the present√
N scaling is optimal and addresses the issue of opti-
mality of the MUB settings.
We now would like to turn our abstract mathemati-
cal result into a form which could be tested in a labo-
ratory. We first consider a source of independent pairs
of photons entangled in their polarizations, i.e. many
copies of singlet states |Ψ〉 = |ψ−〉⊗k. We assume a sin-
gle pair fidelity F , efficiency of each detector at Alice
side η, which is required for conclusive version of a steer-
ing experiment (see [18]), and the relaxed MUB condi-
tion C ≤
√
d1−ǫ. In this case the local dimension of the
state equals d = 2k (allowing existence of d + 1 original
MUBs with C =
√
d−1, see e.g. [25]) and we take the
4FIG. 2. Quantum violation of steering inequality (9) as a
function of k copies of a singlet state and the parameter ǫ
setting the relaxed MUB condition. The best violation is
obtained for ǫ = 0, i.e. the original MUBs. We took fidelity
of a singlet state F = 0.98, detection efficiency η = 0.95 and
σ = 0. The dark blue line corresponds to the plot depicted in
Fig. 3 for η = 0.95.
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FIG. 3. Quantum violation V ηQ of steering inequality (9) com-
puted for the relaxed MUB condition with ǫ = 0.1, singlet
state fidelity F = 0.98 and σ = 0 as a function of detection
efficiency η.
number of settings growing slower than the dimension,
N = d1−σ for 0 ≤ σ < 1 (N is assumed to be integer).
This leads to the ratio V ηQ =
(21−σηF )k
1+(2k−1)2
(ǫ−1)
2
k
. Exponen-
tial unbounded violation of order of O
(
(2
1−2ǫ−σ
2 ηF )k
)
is
observed if ǫ+ 2σ < 2 log2(ηF ) + 1 (similar analysis can
be performed for N = ⌊d1−σ⌋ leading however, to more
complicated formulas). It is remarkable that for any fi-
delity and efficiency satisfying ηF > 1√
2
, there exist ǫ
and σ such that violation grows exponentially with the
number of the entangled pairs k.
Violation of the steering inequality (9) as a function of
k copies of a singlet state and the parameter ǫ setting the
relaxed MUB condition is shown in Fig. 2. We assumed
exemplary non-perfect fidelity of the singlet F = 0.98, de-
tection efficiency η = 0.95 and σ = 0. The best violation
is obtained for the original MUBs, ǫ = 0. Relaxing this
condition results in monotonic decrease of violation for
increasing ǫ but, its exponential character is preserved.
Fig. 3 depicts dependence of violation on the efficiency
η for fidelity F = 0.98, ǫ = 0.1 and σ = 0. The min-
imal required efficiency to observe the violation equals
η = 0.86. Both figures reveal an interesting property of
quantum steering: exponential decay of the global fidelity
F k and efficiency ηk, observed for multi-pair sources of
entangled qubits, is suppressed by exponential number
of measurements. The latter is still possible to handle
for small number of qubits (as it is done in tomographic
experiments). In fact, this proposal has recently been
demonstrated for the case of k = 4 copies, and N = 2
settings corresponding to two MUB elements [26]. The
main challenge in these types of experiments is extend-
ing the number of settings and generation of more MUBs.
This seems to require a significant nonlinearity, a resource
which is rare. Hence, below we shall consider a system
where an unbounded violation of a steering inequality is
possible using solely linear optics.
We will now employ a quantum-optical scheme based
on a parametric-down-conversion source but working
in a regime where it generates polarization entangled
squeezed vacuum states. Their quantum correlations
posses the same rotational invariance as a usual two-
photon polarization singlet and can be seen as two copies
of approximate original EPR correlations. Due to this
property, these states have recently been successfully
used to reveal a Bell nonlocality which does not van-
ish in the limit of large population [27]. Using the same
key feature and implementing the generalized MUBs by
merely polarization rotations, we will show that entan-
gled squeezed vacuum states lead to unbounded violation
of our steering inequality.
Entangled squeezed vacuum is a superposition of
2d-photon polarization Bell-singlet states |ψd〉 =
1√
d+1
(a†Hb
†
V − a†V b†H)d |0〉 with a probability amplitude
λd, |Ψ〉 =
∑∞
d=0 λd |ψd〉, where a† (b†) is creation opera-
tor for a spatial mode a (b) and H (V ) denotes horizon-
tal (vertical) polarization. Perfect correlations present in
each multi-particle polarization singlet are manifested by
equal photon numbers in orthogonal polarizations in the
spatial modes:
|ψd〉 = 1√
d+ 1
d∑
m=0
(−1)m |mH , (d−m)V 〉a |(d−m)H ,mV 〉b .
(10)
They are preserved with respect to the global rotations
of polarization. Each spatial mode in |ψd〉 contains fixed
number of particles equal d. Projections on Fock states
constitute a natural framework for Bob’s photon counting
measurements. They reveal not only the correlations but
lead to post-selective creation of |ψd〉 from the squeezed
vacuum state |Ψ〉. Thus, for simplicity, in our considera-
tions we will now focus on a particular |ψd〉.
5In order to show unbounded violation (9) for (10) we
will adopt a strategy similar to the one used in [27]: we
will examine the correlations after applying incremental
rotations on the spatial modes. In fact, due to rotational
symmetry of |ψd〉, it is enough to consider the relative
rotation angle between the modes a and b, further de-
noted by θx. Each mode represents a (d+1)-dimensional
Hilbert space spanned by one of the basis chosen from
a collection of N bases, enumerated by x = 1, . . . , N ,
generated by an appropriate polarization rotation:
|φm(θx)〉 := |(d−m)H+θx ,mV+θx〉 . (11)
They correspond to Bob’s {φmx } bases discussed in the
Theorem and represent generalized MUBs (see Fig. 6 in
the Supplementary Information). We then have the fol-
lowing
Proposition. Given a set of N Bob’s measurement
bases {|φmx 〉} := {|φm(θx)〉} with m = 0, . . . , d and
x = 1, . . . , N , defined by some set of angles 0 ≤ θx < π2 ,
the maximal overlap C = maxx,y,a,b |〈φax|φby〉| equals the
maximal overlap between {|φm(0)〉} and {|φm(θ)〉} with
θ = minx,y
∣∣θx − θy∣∣:
C(θ, d) = max
m,n
∣∣〈φn(0)|φm(θ)〉∣∣ =
=
√(
d
qθ,d
)
(cos θ)d(tan θ)qθ,d (12)
where qθ,d := ⌊d sin2 θ− cos2 θ⌋+1 and ⌊. . . ⌋ denotes the
floor function. C(θ, d) goes to zero as fast as 1/ 4
√
d.
Including experimental imperfections in their simplest
form, we assume equal efficiency η for each of the
two detectors at Alice’s. For the multi-particle Bell-
singlet states (10) this modifies the quantum value of
the steering functional to ηdSQ and condition (9) to
V ηQ ≥
ηdN(d)
1 + (N(d)− 1)C(θ, d) . Non-unit detection effi-
ciency prevents from observation of the unbounded vi-
olation, which is expected. However, if the losses are
moderate it will be possible to witness quantum steer-
ing for multi-particle quantum states. The price to pay
with respect to our abstract result presented in the The-
orem is that in presence of losses the number of settings
grows with the local dimension quicker. Large number of
measurements requires in turn very high accuracy in the
polarization rotations.
Fig. 4 depicts the violation VQ as a function of the local
dimension d, for the optimal angle θ = π2N and number
of settings Nopt. The dependence Nopt(d) shown in the
upper inset of Fig. 4 is rather complex (see the Supple-
mentary Information). Similarly, Fig. 5 depicts V ηQ as a
function of the dimension d and detection efficiency η. As
expected, the violation gets stronger for increasing pop-
ulation of the system, i.e. larger d-s, but also for higher
detection efficiencies. However, we notice discrepancy
between the value of critical efficiency for d = 1 shown
in this figure η = 0.86, and the one reported in literature
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FIG. 4. Quantum violation VQ of steering inequality (9) for
multi-particle Bell-singlet states |ψd〉 (10) and rotation angle
θ = pi
2N
. The upper inset shows the optimal number of set-
tings Nopt for a given d used in this computation. Grey area
indicates a range of values of VQ for N 6= Nopt.
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FIG. 5. Quantum violation V ηQ of steering inequality (9) com-
puted for multi-particle Bell-singlet states |ψd〉 (10), detection
efficiency η and the best N found for given d (see Fig. 4).
White area indicates no violation.
η = 0.62 [18]. We think that it reflects the fact that our
estimation of the classical bound is not tight.
Discussion. We would like to emphasize the following
two aspects of the result we present. This is the first
quantum steering inequality which is formulated in an
error-tolerant way. Its robustness with respect to non-
perfect measurement settings stems from its link to the
entropic Deutsch–Maassen–Uffink uncertainty relation:
the same parameter governs strength of both inequalities.
6Violation of this inequality with multi-particle quantum
correlations seems feasible. We have suggested two ex-
perimental proposals. The first one is a proof of con-
cept, which may serve as an illustrative example of un-
bounded violation of steering inequality involving relaxed
MUB measurements. It can be performed with small
number of two-photon singlet states and measurements.
The second proposal seems particularly remarkable and
stunning: this is a linear optics experiment which, also
for the first time, can confirm that increasing arbitrarily
slowly the local dimension of a maximally entangled state
is sufficient to observe an unlimited discrepancy between
the classical and quantum description of the experiment
shown in Fig. 1.
Our result highlights very clear distinction between
steering and Bell-nonlocality correlations. Violation of
Bell inequalities with small number of settings vanishes
for singlet states build from macroscopic qubits [28, 29]
or is constant for multi-particle Bell-singlet states [27].
In the case of quantum steering, unbounded violation is
possible for multi-particle generalization of the original
EPR correlations and almost constant number of settings
in the form of MUBs, or their feasible counterparts. The
latter applied to multiple copies of a singlet state may
enable violation of order of O(
√
d) observed experimen-
tally. On the other hand, multi-particle bipartite steering
based on polarization entangled squeezed vacuum allows
violation of order of O( 4
√
d) at its best. Its realization
necessitates linear optics equipped with photon-number-
resolving detection and the generalized MUBs are im-
plemented merely by polarization rotations, equally easy
for every value of the local dimension. In our consider-
ations we took into account experimental imperfections
in the form of losses. Further analysis of the possibility
of loophole-free violation and the role of fair sampling
assumption similar to [30] remains to be addressed.
Our approach is very likely to be developed and ex-
ploited in several quantum information tasks which are
of great technological interest. For example, recently the
idea of partial characterization of the devices has been de-
veloped and has been expressed in terms of semi-device-
independent scenarios [31]. This approach lies between
the two extremes of device-independent and tomographic
strategies and quantum steering is its natural prototype.
Multi-particle bipartite steering can be used for random-
ness certification and may foster development of optimal
strategies in quantum random access codes.
The above potential applications result also from the
fact that our result is getting feasible although, techno-
logical requirements for an experimental setup are high.
Polarization entangled squeezed vacuum states produced
in parametric down conversion process, with mean pho-
ton number of the order of ten, are available in laborato-
ries [32–34]. The states (10) are created postselectively:
each time Alice or Bob takes a measurement, the num-
ber of photons in each mode is known. Experiments could
employ the techniques of [35, 36] and integrated optics se-
tups equipped with superconducting transition-edge sen-
sors (TESs) [37], which posses photon-counting efficien-
cies near 100% and have well-resolved photon-number
peaks, up to around ten photons [38]. For an alternative
experimental implementation it is worth considering the
angular momentum of light [39–41].
Our findings indicate new directions in the future re-
search on quantum steering, by posing several open ques-
tions. The most intriguing is: How far does the general
scaling in the number of settings N go for the best steer-
ing monogamy relations? In this context the first results
on that type of monogamy [42] need further development.
To address these issues it might be useful to analyze the
possible cases of steering inequalities with unequal num-
ber of settings at Alice’s and Bob’s. Existence of the
monogamy relations here is conceivable if the number of
settings for the state estimation at Bob’s was of the or-
der of the local dimension d. Then the asymmetric steer-
ing functional might satisfy a no-go limit in the form of
an upper bound which value is fixed by diverging num-
ber of settings. Verifying this question is an important
problem since it would determine what is the relation
between Bell correlations and steering inequalities from
the perspective of monogamy relation on the ground of
no-signaling theories. Another interesting puzzle is: Can
an asymmetric steering functional reveal quantumness in
a more adequate way than the original one (cf. [43])? If
yes, its potential applications in information processing
may be worth examining. Our result highlights this point
and we are planning to consider it in our future work.
Our findings open new conceptual and experimental
perspective for steering inequalities and therefore, nat-
urally stimulate questions in the context of quantum-
information resources theory. For example, if and how
the recent application of rigidity of quantum steering
to device-independent one-sided computation [43] can be
adopted and made useful in our case? Further, it would
be interesting to examine our result on the ground of gen-
eral probabilistic theories referred to the receiver’s (Bob)
system (cf. [44] and references therein).
We hope that the results and discussion presented in
this paper will stimulate the future research on quantum
correlations in a broader context, including their appli-
cations and demonstrations.
Methods. The proof of our Theorem involves a sur-
prisingly powerful modification of the former analysis
presented in [8]: it builds-in tolerance for possible er-
rors in measurement settings. This was not possible
in the framework of [8]. In [8] the steering func-
tional SLHS is bounded by the operator norm of a
Gramm matrix G with matrix elements equal Gax,by :=√
p(a|x) p(b|y)〈φax|φby〉. Its estimation is very trouble-
some because the matrix involves probabilities of an
unknown value, resulting from the local hidden state
model. Hence, any upper bound on the matrix norm
‖G‖∞ = sup|v〉,‖v‖=1‖Gv‖ must optimize over all prob-
ability values. Our technique was to exploit the tensor
structure appearing due to double indices in a new, much
efficient way. This was done by means of specific decom-
7position of the x, y part of the structure, which employs
mutually orthogonal shift n× n matrices. This key trick
allows to go much farther beyond the rough estimates
of hidden probabilities parameters used so far. Indeed,
the latter allows to bound the maximal eigenvalue of the
product G†G thus, the singular value of G as well, by fac-
torizing out the probabilities due to their normalization
rather then simply binding them all by unity. This allows
to control the degree of mutual unbiasedness among all
the bases individually i.e. from one pair to another in
terms of Deutsch–Maassen–Uffink parameters.
Derivation of the Proposition exploited the proper-
ties of rotational symmetry of multi-particle Bell-singlet
states and the fact that the overlaps between multi-
particle polarization bases (11) generate a probability
distribution
p(m,n|θ) =
∣∣〈φn(0)|φm(θ)〉∣∣2, (13)
which corresponds to a two-dimensional continuous-time
quantum walk [45, 46] (see the Supplementary Infor-
mation). Thus, p(m,n|θ) does not follow the Central
Limit Theorem and its maximal values are taken at the
boundaries of its domain. Further, to obtain the for-
mula (12), some specific properties of binomial coeffi-
cients were used [47]. The asymptotic value of the max-
imal overlap was computed using the Stirling’s formula.
Optimal number of settings Nopt and set of angles for
given d and θ were found by a numerical algorithm. Tech-
nical details are presented in the Supplementary Informa-
tion.
Finally, we would like to stress that the experimen-
tal implementation requires correct space-time arrange-
ment [16] and any faster-than-light signaling due to ap-
paratus correlations must be excluded (in order to avoid
controversies similar to the ones which arose in some tests
of Bell inequalities).
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9Supplementary Information:
Quantum steering inequality with tolerance
for measurement-setting-errors:
experimentally feasible signature of unbounded violation
The Supplementary Information comprises detailed proofs of the Theorem and the Proposition from the
main text, as well as an elementary argument that any unbounded violation of Bell inequalities requires
divergence of at least one party’s settings.
MAIN THEOREM
Given a quantum steering scenario involving x ∈ {1, . . . , N} settings, a ∈ {1, . . . , d} outcomes, and the set of or-
thonormal eingenbases |φax〉 defining the receiver’s (Bob’s) measurements, the LHS steering functional is bounded from
above
SLHS ≤ 1 +
N−1∑
i=1
Ci, (SI.1)
where Ci = maxx CxN+x−i and and where Cxy := maxa,b | 〈φax|φby〉 | for x, y ∈ 1, . . . , N as in the Deutsch–Maassen–
Uffink uncertainty relations. This implies:
VQ ≥ N
1 +
∑N−1
i=1 Ci
, (SI.2)
From the above in particular the weaker variant follows, namely
VQ ≥ N
1 + (N − 1)C , (SI.3)
where C = maxiCi = maxx 6=y Cx,y.
Proof
First, we will compute the quantum value SQ(F ) for the steering functional F defined as a set F =
{|φax 〉〈φax| : a = 1, . . . , d, x = 1, . . . , N}. In our case it is enough to show that SQ
(
F
) ≤ N , where N is the number
of bases
SQ
(
F
)
= Tr
{
N∑
x=1
d∑
a=1
|φax〉 〈φax|σax
}
≤ Tr
{
N∑
x=1
d∑
a=1
|φax〉 〈φax|
∑
a′
σa
′
x
}
= Tr
{
N∑
x=1
d∑
a=1
|φax〉 〈φax| ρx
}
(SI.4)
=
N∑
x=1
d∑
a=1
px(a|x)︸ ︷︷ ︸
=1
= N
⇓
SQ ≤ N. (SI.5)
Second, we will describe a general method of computation of the classical bound SLHS
(|φax〉 〈φax|). Let σax =
10
∑
λ qλ pλ(x|a)σλ. Then, the following inequality holds
Tr
{
N∑
x=1
d∑
a=1
|φax〉 〈φax|σax
}
=
N∑
x=1
d∑
a=1
Tr
{
|φax〉 〈φax|
∑
λ
qλ pλ(a|x)σλ
}
=
∑
λ
qλ
N∑
x=1
d∑
a=1
Tr
{|φax〉 〈φax| pλ(a|x)σλ}
≤ sup
λ
∥∥∥∥∥
N∑
x=1
d∑
a=1
|ψax,λ〉 〈ψax,λ|
∥∥∥∥∥ , (SI.6)
where |ψax,λ〉 =
√
pλ(a|x) |φax〉. For any λ, let Gλ =
∑N
x,y=1
∑d
a,b=1 〈ψax,λ|ψby,λ〉 |x〉 〈y| ⊗ |a〉 〈b|. Using the purification
of
∑N
x=1
∑d
a=1 |ψax,λ〉 〈ψax,λ| and its Schmidt decomposition, we can show that∥∥∥∥∥
N∑
x=1
d∑
a=1
|ψax,λ〉 〈ψax,λ|
∥∥∥∥∥ = ‖Gλ‖ . (SI.7)
In further considerations we will omit the index λ. Let us define the shift operator S : CN → CN acts on the bases
vectors in the following way:
S |k〉 = |k + 1〉 modN, (SI.8)
and observe that
∑N
i=1 S
i = I – every element of I is equal to 1. We decompose G in the following way
G =
N∑
x,y=1
|x〉 〈y| ⊗Gxy =
N∑
i=1
Ai, (SI.9)
where
Ai =
∑
(x,y)∈Si
|x〉 〈y| ⊗Gxy, (SI.10)
and the set Si =
{
(x, y) : Sixy = 1
}
. Next, we use the following fact
‖G‖ ≤
N∑
i=1
‖Ai‖ . (SI.11)
Hence, in order to estimate the norm of G we have to estimate the norm of Ai. This is just the maximal singular
value of Ai or, equivalently, the maximal eigenvalue of AiA
†
i , squared. Since this operator is block diagonal (S
i are
permutation operators), we have to calculate the maximal singular value of Gxy, taking into account the proper index
of i. To this end, let us estimate this singular value of Gxy, which possess the following general form
Gxy =
d∑
a,b=1
αabxye
iψabxy
√
p(a|x) p(b|y) |a〉 〈b| , (SI.12)
where αabxye
iψabxy =
〈
φax|φby
〉
and αabxy =
∣∣〈φax|φby〉∣∣ while ψabxy are phases for given indices a, b, x and y. This results in
GxyG
†
xy =
d∑
a,b,a′,b′=1
αabxyα
a′b′
xy e
i
(
ψabxy−ψa
′b′
xy
)√
p(a|x) p(b|y) p(a′|x) p(b′|y) |a〉 〈b| |b′〉 〈a′|
=
d∑
a,b,a′=1
αabxyα
a′b
xy e
i
(
ψabxy−ψa
′b
xy
)
p(b|y)
√
p(a|x) p(a′|x) |a〉 〈a′| . (SI.13)
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Here we use the fact that GxyG
†
xy ≥ 0. This means that Tr
{
GxyG
†
xy
}
=
∑d
j=1 λ
j
xy, where λ
j
xy are eigenvalues of
GxyG
†
xy. Let us denote the maximal eigenvalue as λ
max
xy = maxj
{
λjxy
}
. From (SI.13) we obtain the maximal singular
value of Gxy, σ
max
xy
(
σmaxxy
)2
= λmaxxy ≤
d∑
i=1
λixy = Tr
{
GxyG
†
xy
}
= Tr


d∑
a,b,a′=1
αabxyα
a′b
xy e
i
(
ψabxy−ψa
′b
xy
)
pby
√
paxp
a′
x |a〉 〈a′|


=
d∑
a,b=1
(
αabxy
)2
pbyp
a
x ≤
d∑
a,b=1
(
αmaxxy
)2
pbyp
a
x =
(
αmaxxy
)2
. (SI.14)
Therefore, in order to estimate the norm of G we must calculate the maximal absolute value of the overlap between
vectors αmaxxy of the basis given by the number x, y. Then, the norm
‖G‖ ≤
N∑
i=1
Ci, (SI.15)
where Ci = α
max
i = maxx,y
{
αmaxxy : (x, y) ∈ Si
}
(Ci is just Mussen-Uffink value for each i ). Let us observe that for
x = y it is just identity transformation between these two bases (it corresponds to the case i = N) hence αmaxN = 1
and
SLHS ≤ ‖G‖ ≤
N∑
i=1
Ci ≤ 1 +
N−1∑
i=1
Ci. (SI.16)
Finally, the violation of the steering inequality
VQ ≥ N
1 +
∑N−1
i=1 Ci
, (SI.17)
Which ends the proof of main theorem. In the main text we assume the worst case to calculate the norm of G
SLHS ≤ ‖G‖ ≤ 1 +
N−1∑
i=1
Ci ≤ 1 + (N − 1) C, (SI.18)
where C = αmax = maxx 6=y
{
αmaxxy
}
= maxi
{
αmaxi
}
for i 6= N . Thus,
VQ ≥ N
1 + (N − 1) C . (SI.19)
At the end of our consideration let us define the set of matrices Oxy =
[〈
φax|φby
〉]d
a,b=1
and consider the new matrix
which has the form
O =
N∑
x,y=1
|x 〉〈 y| ⊗Oxy. (SI.20)
Let us notice that matrix O is just matrix G without probabilities p(a|x) and p(b|y), then we can formulate the main
theorem in the stronger form (in the sense of the shorter summation):
Observation: If for the matrix G the matrix O has a block Toeplitz form namely Oxy = Ox+1,y+1 for any x, y ∈
{1, . . . , N} then the inequality for SHLS takes the form
SLHS ≤ 1 + (⌈N ′⌉ − ⌊N ′⌋)C⌊N ′⌋+1 + 2
⌊N ′⌋∑
i=1
Ci (SI.21)
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where N ′ = N−12 and ⌈. . .⌉, ⌊. . .⌋ are ceiling and floor functions respectively. Here we provide an explanation of
this observation instead of the formal proof. This observation comes from symmetry of the block Toeplitz Hermitian
matrix O what implies αmaxi = α
max
N−i for i = 1, . . . ,
⌊
N−1
2
⌋
. Let us explain in detail what we mean by symmetry in
this case. The reader should notice that we have N − 1 sets Oi = {Ox(N+x−i)modN} and the fundamental fact is
that due to Toeplitz form each of the sets is formed of the two matrices and each of them are repeated some number
of times, we may, slightly abusing the notation, write Oi = {Oi, ON−i} for the Toeplitz matrices. Now, due to the
hermicity of the global matrix O which determines that Oxy = O
†
yx and only the sets Oi for i = 1, . . . ,
⌊
N−1
2
⌋
(if N is
odd otherwise we have to add one additional term in summation, namely αmax⌊N−12 ⌋+1 ) should be taken into account,
while calculating the quantities αmaxi since any set for higher i reproduces one of the previous ones modulo Hermitian
conjugate of its elements, which does not change the singular values of the matrices contained in the set.
ANALYSIS OF NON-SIGNALING PRINCIPLE
In this section we recall an elementary argument that any unbounded violation of Bell inequalities requires divergence
of at least one party’s settings (here this is Bob, but considering Alice makes no difference).
Quantum monogamy relation says that if we consider a no-signaling box P (a, b1, . . . , bn|x, y1, . . . , yn) among n+ 1
parties A,B1, . . . , Bn, where each Bob has n observables at his disposal, the following monogamy relation holds for
Bell functionals B(A,B) [6]:
n∑
i=1
B(A,B(i)) ≤ nRLHS, (SI.22)
with the original bipartite Bell inequality for Alice and Bob defined as B(A,B) ≤ RLHS. Let us assume that the
Bell functionals are non-negative. Then, taking an arbitrary extension of an arbitrary no-signaling bipartite box
PNS(a, b|x, y), Pextension(a, b1, . . . , bn|x, y1, . . . , yn) (in a sense that averaging Pextension over the n−1 pairs of variables
{b2, . . . , bn; y2, . . . , yn} reproduces PNS), gives
BPNS(A,B) := B(A,B(1)) ≤ nRLHS −
n∑
i=2
B(A,B(i)) ≤ nRLHS, (SI.23)
due to non-negativity of the functional. Note that minimizing over all the extensions within a given sub-theory of
a no-signaling theory would give a bound within that “subtheory” (including quantum mechanics). Thus, for any
no-signaling bipartite PNS(a, b|x, y), one has the Bell-violation rate bounded by VBell(NS) = BPNS (A,B)RLHS ≤ n. Since
any bipartite quantum statistics represents a no-signaling box, it must obey the same bound.
THE PROPOSITION
Given a set of N Bob’s measurement bases {|φmx 〉} := {|φm(θx)〉} with m = 0, . . . , d and x = 1, . . . , N , defined by
some set of angles 0 ≤ θx < π2 , the maximal overlap C = maxx,y,a,b |〈φax|φby〉| equals the maximal overlap between
{|φm(0)〉} and {|φm(θ)〉} with θ = minx,y
∣∣θx − θy∣∣:
C(θ, d) = max
m,n
∣∣〈φn(0)|φm(θ)〉∣∣ =
√(
d
qθ,d
)
(cos θ)d(tan θ)qθ,d , (SI.24)
where qθ,d := ⌊d sin2 θ − cos2 θ⌋+ 1C(θ, d) goes to zero as fast as 1/ 4
√
d.
Proof
Let us consider a two-mode state expressed in {H,V } basis, which is rotated by the angle θ(
b†H+θ
b†V+θ
)
=
(
cos θ sin θ
− sin θ cos θ
)
·
(
b†H
b†V
)
. (SI.25)
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Then, the state |d−m,m〉 in {H + θ, V + θ} basis takes the following form in {H,V }
|(d−m)H+θ , (m)V+θ〉 = 1√
(d−m)!m!
d−m∑
p=0
m∑
q=0
(
d−m
p
)(
m
q
)
(−1)q(cos θ)m+p−q(sin θ)d−m−p+q ×
×
√
(p+ q)!(d− p− q)! |(p+ q)H , (d− p− q)V 〉 .
(SI.26)
Overlap with |(d− n)H , (n)V 〉 equals to
On,md (θ) =
√
(d− n)!n!
(d−m)!m!
min
[
(d−n),2(d−m)−(d−n)
]∑
2
k=max
[
−(d−n),(d−n)−2m
]
(
d−m
d−n+k
2
)(
m
d−n−k
2
)
(−1)d−n−k2 (cos θ)m+k(sin θ)d−m−k, (SI.27)
where
∑
2
f(d) symbol denotes sum of f(d) for index d increasing by 2, i.e.
dmax∑
2
d=dmin
f(d) = f(dmin) + f(dmin + 2) + . . .+ f(dmax − 2) + f(dmax).
Fig. 6 depicts |On,md (θ)|2 for d = 4, 10, 20 and several values of θ. Numerics indicates that |On,md (θ)|2 reaches its all
maximal values only for n ∈ {0, d} or m ∈ {0, d} and they are equal. Therefore, we focus exclusively at n = 0 and
m = 0. For m = 0:
On,0d (θ) =
√(
d
n
)
(cos θ)d−n(sin θ)n, (SI.28)
and for n = 0:
O0,md (θ) =
√(
d
m
)
(−1)m(cos θ)d−m(sin θ)m. (SI.29)
In order to find maximal values of
∣∣On,0d (θ)∣∣2 and ∣∣O0,md (θ)∣∣2 one should note that they are just binomial coefficients
of the form
(
d
k
)
rd−k(1 − r)k thus, they reach maximal values for kmax = ⌊d(1 − r) − r⌋ + 1 (see e.g. [47]). Thus, for
m = 0
nmax = ⌊d sin2 θ − cos2 θ⌋+ 1, (SI.30)
and for n = 0
mmax = ⌊d sin2 θ − cos2 θ⌋+ 1, (SI.31)
which gives also qθ,d = nmax = mmax for given d and θ. Finally, let us notice that
C(θ, d) =
∣∣Onmax,0d (θ)∣∣ = ∣∣O0,mmaxd (θ)∣∣ =
∣∣∣∣∣
√(
d
qθ,d
)
(cos θ)d(tan θ)qθ,d
∣∣∣∣∣ , (SI.32)
where qθ,d = ⌊d sin2 θ − cos2 θ⌋+ 1.
The second step is to find how fast C(θ, d) goes to zero. For this task, the floor function might be omitted, thus
qθ,d ≈ d sin2 θ + 1 − cos2 θ = d sin2 θ + sin2 θ = (d + 1) sin2 θ ≈ d sin2 θ for large d. The binomial coefficient can be
approximated with Stirling’s formula n! ≈ (n/e)n√2πn in the following way(
d
d sin2 θ
)
=
d!
(d sin2 θ)! (d − d sin2 θ)! =
d!
(d sin2 θ)! (d cos2 θ)!
≈ (d/e)
d
√
2πd
(d/e sin2 θ)d sin
2 θ
√
2πd sin2 θ(d/e cos2 θ)d cos2 θ
√
2πd cos2 θ
=
1
√
2πd
[
(sin2 θ)sin
2 θ(cos2 θ)cos2 θ
]d
sin θ cos θ
.
(SI.33)
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FIG. 6. |On,md (θ)|
2 computed for a) d = 4 b) d = 10 and d = 20 for θ = π/8, θ = π/6 and θ = π/4. The maximal values of
|On,mN (θ)|
2 always lie at n ∈ {0, d} or m ∈ {0, d}.
Therefore,
√(
d
qθ,d
)
≈ 1
4
√
2πd
[
(sin θ)sin
2 θ(cos θ)cos2 θ
]d√
sin θ cos θ
. (SI.34)
Additionally,
(cos θ)d(tan θ)qθ,d ≈ (cos θ)d(tan θ)d sin2 θ =
[
(sin θ)sin
2 θ(cos θ)cos
2 θ
]d
. (SI.35)
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FIG. 7. C(θ, d) as a function of θ for d = 1, . . . , 6. Global minimum of this function is achieved for various angles. The analysis
is presented in the text.
This leads to the following formula
C(θ, d) ≈
[
(sin θ)sin
2 θ(cos θ)cos
2 θ
]d
4
√
2πd
[
(sin θ)sin
2 θ(cos θ)cos2 θ
]d√
sin θ cos θ
=
1
4
√
2πd
√
sin θ cos θ
=
1
4
√
π
2 d
√
sin 2θ
∼ 1
4
√
d
. (SI.36)
FINDING OPTIMAL EXPERIMENTAL SETTINGS
Here we present our numerical method applied to find the experimental settings allowing to observe violation of
the quantum steering inequality. The goal is to compute the optimal number of settings Nopt and the set of angles
θx (x = 1, . . . , Nopt) and θi which would maximize VQ given by Eq. (SI.2). Maximal value of VQ ensures that V
η
Q also
reaches its maximum.
The denominator of VQ, SLHS, depends on the sum of Ci = C(θi, d) which has to be minimized. Therefore, our first
step is based on analysis of C(θ, d) (Eq. SI.32), depicted in Fig. 7 as a function of θ for d = 1, . . . , 6. This function
is periodical with period π2 and symmetrical with respect to θ =
π
4 . It always reaches d minima, one or two of them
being global. In case of odd d = 1, 3, 5, . . ., the global minimum is achieved for θ = π4 . In contrast, even d = 2, 4, 6, . . .
regularly lead to two equal global minima, located symmetrically to the left and right of θ = π4 . Interestingly, all
minima found for d are always higher than minima for d + 1 and lower than for d − 1. In case of odd d we used
θx=1 < θx=2 < . . . < θx=N−1 and θi = θx = i+ 1− θx=i. We numerically optimized
∑N−1
i=1 and found best θi = i
π
2N ,
thus θ = minx,y|θx−θy| = π2N . This result was confirmed analytically for d = 1 and N = 2. In case of even d this set is
not the best possible, since it may not include the global minima, but allows us to assure that SLHS(d+1) ≤ SLHS(d).
The maximal number of settings N is limited by the number of settings of the stepper motor driving the polarizer,
usually around 400 per full rotation.
In the second step our algorithm goes through all N = 1, 2, . . ., computes VQ for given d and finds the maximal
value. The result is a pair
(
Nopt, VQ
)
. The bounds for the lossy case are then computed as
V ηQ = η
dVQ (SI.37)
Figs. 4–5 in the main text display VQ and V
η
Q computed with the above method.
It is worth noting that the erratic shape of Nopt(d) is not accidental and results from Eq. (SI.32). Generally, the
higher d, the more settings have to be used in order to maximize VQ. However, this relation is not monotonic and
allows to find higher values of d for which it is possible to use smaller Nopt. This feature allows to better suit the
limitations of the experimental setup.
